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Abstract
In this work we discuss the application of the standard Galerkin method to a non-local parabolic problem. We show error
estimates for the spatially semi-discrete problem using piecewise linear finite elements.
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1. Introduction
In this work, we shall study the standard Galerkin finite element method for the approximate solution of the
initial–boundary value problem for the thermistor model:
∂u
∂t
− div(k(u)∇u) = λ f (u)(∫
Ω f (u) dx
)2 , in Ω×]0; T [,
u = 0 on ∂Ω×]0; T [,
u(0) = u0 in Ω ,
(1)
where Ω is a bounded domain in RN , N ≥ 2 with smooth boundary ∂Ω , and where u = u(x, t), div = ∑Ni=1 ∂∂xi is
the divergence operator. The system (1) arises in many applications. For example, it describes the operation of a device
when flowed by an electric current, e.g. thermistor devices resulting from ohmic heating [1,6–8]. The thermistor is
a thermoelectric device made of ceramic material whose electrical conductivity f varies strongly with temperature
and can be used in many electrical circuits as a switching device. It also can describe the thermoelectric flow in a
conductor. In this case λ is a dimensionless parameter that can be identified with the square of the applied potential
difference at the ends of the conductor; f (u) is the temperature dependent resistivity of the conductor. Note also that
Eq. (1) can model the phenomena associated with the occurrence of shear bands (i) in metals being deformed under
high strain rates [2,3], (ii) in the theory of gravitational equilibrium of polytropic stars [11], (iii) in the investigation
of the fully turbulent behavior of real flows, using invariant measures for the Euler equation [4], (iv) in modelling
aggregation of cells via interaction with a chemical substance (chemotaxis) [14]. In most applications Eq. (1) arises
in the two-dimensional case (Ω ⊂ R2(N = 2)), but for the sake of generality we can consider N ≥ 2.
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The existence of weak solutions to models related to the thermistor problem is proved in [12], where the
mathematical treatment of this problem appears, apparently for the first time. The existence and uniqueness of
solutions to the problem (1) are proved in [8]. In [9] a semi-discretization by the backward Euler scheme for the
approximation of the solution of (1) is proposed and analyzed for the special case k = Id. We recall that Galerkin
approximation and spatially finite element schemes have been widely used to approximate solutions of the heat linear
equation, and semi-linear or parabolic equations [13]. Here we develop an approximation scheme for discretizing (1)
in the presence of the non-local term in the right hand side and for the case where k is different from the identity,
which leads to technical difficulties. Speed of convergence is directly related to regularity of the continuous problem.
When one increases regularity of the second term and data, the solution sees its regularity increasing in parallel, and
a precise speed of convergence can be established. In the existing literature (see e.g. [5,10,13]) the error estimates for
both the finite element and volume element methods are usually derived for solutions that are sufficiently smooth. We
then use sufficient conditions in terms of data and the solution u that yield error estimates.
In this work we denote by c various constants that may depend on the data of the problem, and that are not
necessarily the same at each occurrence. Using a variational formulation, we shall define an approximation of the
solution u of (1) as a function uh belonging to the following finite dimensional linear space:
Sh = Sh(Ω) = {χ ∈ C(Ω) : χ /τ linear,∀τ ∈ Th, χ /∂Ω = 0},
where C(Ω) is a set of continuous functions and (Th)h is a partition family of quasi-uniform triangulations of Ω , in
the sense that the triangles of Th are essentially of the same size. We denote below by ‖ . ‖ the norm in L2(Ω) and by
‖ . ‖r that in the Sobolev space H r (Ω) = W r2 (Ω). We assume that the family of triangulations is chosen such that the
two properties (2) and (3) of [13] hold (r ≥ 2):
inf
χ∈Sh
{‖v − χ‖ + h‖∇(v − χ)‖) ≤ chs‖v‖s, 1 ≤ s ≤ r, (2)
for v ∈ H10 (Ω)
⋂
H s , and the inverse property
‖∇χ‖ ≤ ch−1‖χ‖, ∀χ ∈ Sh . (3)
We propose an appropriate condition on the forcing term under which optimal order error estimates can be derived.
Throughout this work, we assume the following assumptions:
(H1) f : R→ R is a Lipschitzian function;
(H2) k is a derivable function verifying 0 < k1 ≤ k(u) ≤ k2, |k′(u)| ≤ c and f (u) ≥ σ > 0 for all u ∈ R;
(H3) there exists an arbitrary positive number p such that | f ′(u)| ≤ c(1+ |u|p), for u ∈ R.
The approximate semi-discrete Galerkin finite element problem is then to find a function uh(t) ∈ Sh on a finite
interval J = (0, t] in time:
(uh,t , χ)+ (k(uh)∇uh,∇χ) = λ(∫
Ω f (uh) dx
)2 ( f (uh), χ), ∀χ ∈ Sh, t ∈ J,
uh(0) = u0h,
(4)
where u0h is an approximation of u0 in Sh . Hypotheses imply that the system (4) of ordinary differential equations
has a unique solution.
Usually in order to estimate the error in the semi-discrete problem (4) we write the error as a sum of two terms:
uh − u = (uh − u˜h)+ (˜uh − u) = θ + ρ,
where u˜h is an elliptic projection in Sh of the exact solution u defined by
(k(u(t))∇ (˜uh − u),∇χ) = 0, ∀χ ∈ Sh, t ≥ 0. (5)
Like for the standard semi-linear equation [13], under the appropriate regularity assumptions for the exact solution u,
we can show the following two results for the error in the elliptic projection u˜h and the boundedness of ∇u˜h .
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Lemma 1.1 ([13]). Under some appropriate regularity hypotheses on u, we have
(i) ‖ρ(t)‖ + h‖∇ρ(t)‖ ≤ c(u)h2, for t ∈ J,
(ii) ‖ρt (t)‖ + h‖∇ρt (t)‖ ≤ c(u)h2, for t ∈ J,
where c(u) is a constant independent of t ∈ J.
Lemma 1.2 ([13]). Let u˜h be defined by (5); we then have
‖∇u˜h(t)‖L∞ ≤ c(u), for t ∈ J. 
In the second part of this work an optimal error estimate of the form ‖uh − u‖ + h‖∇(uh − u)‖ ≤ c(u)h2 is shown
essentially by means of the inverse inequality (3). In the third section, the same optimal error estimate remains valid
without using the inverse assumptions but using an appropriate condition on the forcing term. In other words, we
suppose that f ′(u) only grows mildly with u (see (H3)). To the best of our knowledge, this assumption is new for
providing error estimates for the initial–boundary value problem for the thermistor model. We thus discuss in the last
section some general cases.
2. Main results
We shall prove the following estimate for the error between the solutions of the discrete and continuous problems.
In the sequel, the statements of the inequalities assume that u is sufficiently regular.
Theorem 2.1. Let N = 2 and u and uh be the solutions of (1) and (4), respectively. Then, under the
hypotheses (H1)–(H2), we have
‖uh(t)− u(t)‖ + h‖∇(uh(t)− u(t))‖ ≤ c(u)h2, for t ∈ J
provided that ‖u0h − u0‖ ≤ ch2.
Proof. Owing to Lemma 1.1 and to the decomposition of the error as a sum of two terms uh −u = (uh − u˜h)+ (˜uh −
u) = θ + ρ, it suffices to treat θ = uh − u˜h . We have from Eqs. (4) and (5) satisfied by uh and u˜h respectively that
(θt , χ)+ (k(uh)∇θ,∇χ)
= (uh,t , χ)+ (k(uh)∇uh,∇χ)−
(˜
uh,t , χ
)− (k(uh)∇u˜h,∇χ)
= λ
(
∫
f (uh))2
( f (uh), χ)− (ρt , χ)− (ut , χ)− (k(uh)∇u˜h,∇χ)+ ((k(u)− k(uh))∇u˜h,∇χ)
= λ
(
∫
f (uh))2
( f (uh), χ)− (ρt , χ)− (ut , χ)− (k(u)∇u,∇χ)+ ((k(u)− k(uh))∇u˜h,∇χ)
= λ
(
∫
f (uh))2
( f (uh), χ)− λ
(
∫
f (u))2
( f (u), χ)+ ((k(u)− k(uh))∇u˜h,∇χ)− (ρt , χ)
= λ
(
∫
f (uh))2
( f (uh)− f (u), χ)+
(
λ
(
∫
f (uh))2
− λ
(
∫
f (u))2
)
( f (u), χ)
+ ((k(u)− k(uh))∇u˜h,∇χ)− (ρt , χ). (6)
Thus, setting χ = θ in (6) and using the hypotheses (H1)–(H3), Lemmas 1.1 and 1.2 and Young’s inequality, we get
1
2
d
dt
‖θ‖2 + k1‖∇θ‖2 ≤ c(‖uh − u‖(‖θ‖ + ‖∇θ‖)+ ‖ρt‖‖θ‖)
≤ k1‖∇θ‖2 + c(‖θ‖2 + ‖ρ‖2 + ‖ρt‖2).
Then, we have
d
dt
‖θ‖2 ≤ c(‖uh − u‖(‖θ‖ + ‖∇θ‖)+ ‖ρt‖‖θ‖).
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By integration, we get
‖θ(t)‖2 ≤ ‖θ(0)‖2 + c
∫ t
0
(‖θ‖2 + ‖ρ‖2 + ‖ρt‖2)ds,
and it follows by Gronwall’s Lemma that
‖θ(t)‖2 ≤ c‖θ(0)‖2 + c
∫ t
0
(‖ρ‖2 + ‖ρt‖2)ds.
Again by Lemma 1.1, we have
‖θ(0)‖ ≤ ‖u0h − u0‖ + ‖u˜h(0)− u0‖ ≤ ‖u0h − u0‖ + ch2‖u0‖2. (7)
We then get the desired conclusion:
‖θ(t)‖ ≤ c‖u0h − u0‖ + c(u)h2 ≤ c(u)h2.
Now using the inverse inequality (3), we derive the optimal order estimate for the gradient. We have ∀χ ∈ Sh
‖∇uh(t)−∇u(t)‖ ≤ ‖∇(uh(t)− χ)‖ + ‖∇χ −∇u(t)‖
≤ ch−1‖uh(t)− χ‖ + ‖∇χ −∇u(t)‖
≤ ch−1‖uh(t)− u(t)‖ + ch−1(‖χ − u(t)‖ + h‖∇χ −∇u(t)‖). (8)
By the approximation assumption (2) we know that, with suitable χ ∈ Sh ,
‖χ − u(t)‖ + h‖∇χ −∇u(t)‖ ≤ ch2‖u(t)‖2.
Then, using (8), we get
‖∇uh(t)−∇u(t)‖ ≤ ch−1‖uh(t)− u(t)‖ + ch‖u(t)‖2 ≤ c(u)h.
The proof is now complete. 
3. A different approach
Theorem 3.1. The same basic error estimate of Theorem 2.1 remains valid using the condition (H3).
Proof. Coming back to (6) and setting χ = θ implies
1
2
d
dt
‖θ‖2 + k1‖∇θ‖2 ≤ c|( f (uh)− f (u), θ)| + c‖uh − u‖‖θ‖ + ‖uh − u‖‖∇θ‖ + ‖ρt‖‖θ‖.
By Holder’s inequality, we have
|( f (uh)− f (u), θ)| ≤ c‖ f (uh)− f (u)‖Lq′ ‖θ‖Lq ,
where 1q + 1q ′ = 1 such that 2 < q < +∞. Or ‖θ‖Lq ≤ c‖∇θ‖. Then
|( f (uh)− f (u), θ)| ≤ c‖ f (uh)− f (u)‖Lq′ ‖∇θ‖. (9)
On the other hand, we have by (H3) and Holder’s inequality with exponents 2q ′ and
2
2−q ′
‖ f (uh)− f (u)‖q
′
Lq′ ≤ c
∫
Ω
|uh − u|q ′(1+ |uh |)pq ′ dx
≤ c
(∫
Ω
|uh − u|2 dx
)q ′/2
(1+ ‖uh‖Ls )pq ′ , with s = 2pqq − 2
≤ c‖uh − u‖q ′(1+ ‖uh‖Ls )pq ′ . (10)
Using the fact that s < ∞, we get ‖uh‖Ls ≤ c‖∇uh‖. As a consequence we have
‖ f (uh)− f (u)‖Lq′ ≤ c‖uh − u‖(1+ ‖∇uh‖)p.
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Then, we have
|( f (uh)− f (u), θ)| ≤ c‖uh − u‖‖∇θ‖(1+ ‖∇uh‖)p.
To continue the proof we need to prove that ‖∇uh‖ is bounded. To this end, applying again (6) with the test function
χ = 1k(uh)θt , we then obtain by Young’s inequality that
1
k2
‖θt‖2 + 12
d
dt
‖∇θ‖2 ≤ 1
k(uh)
‖θt‖2 + 12
d
dt
‖∇θ‖2
≤ c‖ f (uh)− f (u)‖‖θt‖ + c‖uh − u‖‖θt‖ + c‖uh − u‖‖∇θt‖ + ‖ρt‖‖θt‖
≤ c‖ f (uh)− f (u)‖2 + 12k1 ‖θt‖
2 + 1
4
‖∇θt‖2 + c‖uh − u‖2 + c‖ρt‖2
≤ c‖ f (uh)− f (u)‖2 + 12k1 ‖θt‖
2 + 1
4
d
dt
‖∇θ‖2 + c‖uh − u‖2 + c‖ρt‖2.
It follows that
‖θt‖2 + ddt ‖∇θ‖
2 ≤ c‖ f (uh)− f (u)‖2 + c‖uh − u‖2 + c‖ρt‖2
≤ c‖ f (uh)− f (u˜h)‖2 + c‖ f (u˜h)− f (u)‖2 + c‖uh − u‖2 + c‖ρt‖2
≤ c‖ f (uh)− f (u˜h)‖2 + c‖ f (u˜h)− f (u)‖2 + c‖ρ‖2 + c‖θ‖2 + c‖ρt‖2
≤ c‖ f (uh)− f (˜u)‖2 + c‖ f (u˜h)− f (u)‖2 + c‖ρ‖2 + c‖ ∇θ‖2 + c‖ρt‖2. (11)
In the same way as above, we have
‖ f (u˜h)− f (u)‖2 ≤ c
∫
Ω
ρ2(1+ |u˜h |)2p dx
≤
(∫
Ω
ρq dx
)2/q (∫
Ω
(1+ |u˜h |)s dx
) (q−2)
q
.
Or we have ‖u˜h‖Ls ≤ c‖∇u˜h‖ ≤ c‖∇u‖ ≤ c; then
‖ f (u˜h)− f (u)‖2 ≤ c‖ρ‖2Lq (1+ ‖u˜h‖Ls )2p
≤ c‖∇ρ‖2(1+ ‖u˜h‖Ls )2p
≤ c‖∇ρ‖2 ≤ ch2. (12)
Similarly, we get
‖ f (uh)− f (u˜h)‖2 ≤ c‖∇θ‖2(1+ ‖∇uh‖)2p ≤ c‖∇θ‖2(1+ ‖∇θ‖)2p. (13)
Consider now th ∈ J such that ‖∇θ‖ ≤ 1 on [0, th]. Then, for t ≤ th , using (11)–(13) and Lemma 1.1 we get
d
dt
‖∇θ‖2 ≤ c‖∇θ‖2 + ch2. (14)
We deduce that
‖∇θ‖ ≤ c exp(ct)h, for h ≤ h0.
Then th = t for h ≤ h0. It follows that for such h, we have ‖∇θ‖ ≤ 1 on J . The fact that
‖∇uh‖ ≤ ‖∇u‖ + ‖∇θ‖
≤ ‖∇u‖ + 1 on J
and (14) complete the proof of the estimate of ‖∇(uh − u)‖, i.e. ‖∇(uh − u)‖ ≤ ch2
On the other hand, setting χ = θ , in (6), we have
1
2
d
dt
‖θ‖2 + ‖∇θ‖2 ≤ c(‖θ‖2 + ‖ρ‖2 + ‖ρt‖2)+ ‖∇θ‖2.
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Using the result of Lemma 1.1, we have
d
dt
‖θ‖2 ≤ c‖θ‖2 + ch2.
Gronwall’s Lemma completes the intended error estimate. 
4. General cases
Remark 1. The error estimate of Theorem 2.1 remains valid for the case when N ≥ 3. We just assume that the
positive number p in (H3) verifies p ≤ 2N−2 . It suffices to choose q = 2NN−2 . Then, s = 2pqq−2 ≤ q. It follows that‖uh‖Ls ≤ c‖∇uh‖ since s ≤ q and all the above calculations done for the case N = 2 are applied.
Remark 2. We can allow finite element spaces also of order higher than linear and we consider Sh ⊂ H10 (Ω) to be a
family of piecewise polynomials of degree at most r − 1 on triangulations Th satisfying the standard approximation
(2) for some integer r ≥ 2 and for v ∈ H r (Ω)⋂ H10 (Ω). Then we have the following:
Theorem 4.1. Let u and uh be solutions of (1) and (2). Suppose that u0h is chosen such that ‖u0h − u0‖ ≤ ch2.
Assume further that u is smooth enough. Under hypotheses (H1)–(H3) there exists a constant c = c(u, t) such that
‖uh(t)− u(t)‖ + h‖∇(uh(t)− u(t))‖ ≤ c(u)hr , for t ∈ J.
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